We extend our previous analysis on the exchange statistics of vortices having a single Dirac fermion trapped in each core, to the case where vortices trap two Dirac fermions with U(2) symmetry. Such a system of vortices with non-Abelian Dirac fermions appears in color superconductors at extremely high densities, and in supersymmetric QCD. We show that the exchange of two vortices having doublet Dirac fermions in each core is expressed by non-Abelian representations of a braid group, which is explicitly verified in the matrix representation of the exchange operators when the number of vortices is up to four. We find that the result contains the matrices previously obtained for the vortices with a single Dirac fermion in each core as a special case. The whole braid group does not immediately imply non-Abelian statistics of identical particles because it also contains exchanges between vortices with different numbers of Dirac fermions. However, we find that it does contain, as its subgroup, genuine non-Abelian statistics for the exchange of the identical particles, that is, vortices with the same number of Dirac fermions. This result is surprising compared with conventional understanding because all Dirac fermions are defined locally at each vortex, unlike the case of Majorana fermions for which Dirac fermions are defined non-locally by Majorana fermions located at two spatially separated vortices.
We extend our previous analysis on the exchange statistics of vortices having a single Dirac fermion trapped in each core, to the case where vortices trap two Dirac fermions with U(2) symmetry. Such a system of vortices with non-Abelian Dirac fermions appears in color superconductors at extremely high densities, and in supersymmetric QCD. We show that the exchange of two vortices having doublet Dirac fermions in each core is expressed by non-Abelian representations of a braid group, which is explicitly verified in the matrix representation of the exchange operators when the number of vortices is up to four. We find that the result contains the matrices previously obtained for the vortices with a single Dirac fermion in each core as a special case. The whole braid group does not immediately imply non-Abelian statistics of identical particles because it also contains exchanges between vortices with different numbers of Dirac fermions. However, we find that it does contain, as its subgroup, genuine non-Abelian statistics for the exchange of the identical particles, that is, vortices with the same number of Dirac fermions. This result is surprising compared with conventional understanding because all Dirac fermions are defined locally at each vortex, unlike the case of Majorana fermions for which Dirac fermions are defined non-locally by Majorana fermions located at two spatially separated vortices. 
I. INTRODUCTION
Topological insulators/superconductors have an attractive property that some of them possess quantum vortices which trap zero-energy, Majorana or Dirac, fermions in their cores [1, 2] . The existence of such zero-energy fermions is topologically protected and is robust against small perturbations [3, 4] . Thus, when we consider adiabatic manipulation of vortices such as interchanging the positions of two vortices, we can treat the vortices as objects that are always accompanied by zero-energy fermions. In particular, according to the recent discoveries, the exchange of such vortices can be represented by a non-trivial representation of a braid group, whose precise form is determined by the trapped zero-energy Majorana fermions [5] [6] [7] [8] [9] [10] and Dirac fermions [11] . The exchange of vortices with Majorana fermions gives non-Abelian statistics because they are all identical particles. The statistics is called non-Abelian because quantum states of two vortices transform non-diagonally under the exchange of two vortices (i.e., the exchange operation is described by non-diagonal matrices acting on the quantum states), and two adjacent exchange operations (such as those for vortex pairs (1, 2) and (2,3)) do not commute with each other. This is highly contrasted with the ordinary statistics where only a phase factor e iθ appears under the exchange of two particles (θ = 0 for the Bose-Einstein, θ = π for the Fermi-Dirac, and others for the anyon statistics), and two adjacent operations are commutative. On the other hand, it is unclear whether the exchange of vortices with Dirac fermions gives a non-Abelian statistics or not statistics of vortices with multiple Majorana fermions [8] , the latter gives an example of non-Abelian representation of a braid group for the exchange of vortices with doublet Dirac fermions focused in the present paper. The secondary example is the non-Abelian vortices in supersymmetric QCD with U(N ) gauge symmetry [25] (see Ref. [26] for reviews). In this case, the color U(N ) symmetry and the flavor SU(N ) symmetry are spontaneously broken down to the SU(N ) color-flavor locked symmetry by the scalar quark condensates in the vacuum, and it is further broken down to a U(N − 1) symmetry in the core of non-Abelian vortices. These vortices contain one singlet and one (N − 1)-plet of zero-energy Dirac fermions in their core. Therefore, it gives an example of non-Abelian statistics of vortices with arbitrary number of Dirac fermions.
Before finishing Introduction, let us briefly comment on the potential application to quantum computers [27, 28] . As discussed above, the system of vortices with zero-energy fermions is robust against small perturbations from environment, and has the Hilbert space with a large dimension. These are desirable properties as quantum computers. Comparing the Majorana and Dirac cases, it should be noticed that the Dirac case is simpler because we do not have to introduce non-local Dirac fermions. Since vortex systems with non-Abelian symmetry have larger dimensions, it would be worth to consider the case with non-Abelian Dirac fermions, even though it has not been realized in laboratory.
This paper is organized as follows. In Section II, we briefly summarize the non-Abelian statistics for the vortices trapping a single Dirac fermion with U(1) symmetry at each core, as presented in Ref. [11] . In Section III, we discuss the non-Abelian representation of the braid group for the exchange of the vortices trapping doublet Dirac fermions with U(2) symmetry. In Section IV, we discuss the difference between non-Abelian representations of the braid group for the exchange of the Dirac fermion with U(1) symmetry and that with U(2) symmetry. In Section V, we show that the whole braid group contains genuine non-Abelian statistics as its subgroup, in the sectors of the vortices with the same number of Dirac fermions. Section VI is devoted to a summary. In Appendices, we present detailed supplementary information. In Appendix A, we give the transformation matrices for U(1) (singlet) Dirac fermions. In Appendix B we give the Hilbert space and the exchange matrices for n = 4 U(2) Dirac vortices. In Appendix C, we discuss restricted Hilbert subspaces, in which two successive exchanges of vortices is equal to the identity.
with the restψ ℓ (ℓ = k and k + 1) unchanged. We note that T k 's satisfy the braid relations,
3) (ii)
T k T ℓ = T ℓ T k for |k − ℓ| > 1 ,
as a general rule of exchange operations. Notice that these relations and the transformation (2.2) are the same as in the case of the Majorana vortices, while the fermion operatorsψ k andψ † k now satisfy Eq. (2.1), instead of the Clifford algebra {γ k ,γ ℓ } = 2δ kℓ satisfied by the Majorana fermion operatorsγ k 's. Therefore, one has the same property of the operator T k , namely, four-time successive application of T k is equivalent to the identity, (T k ) 4 = 1. This fact by itself suggests that the exchange of these vortices shows a representation of the braid group different from the ordinary Bose-Einstein, Fermi-Dirac or Abelian anyon one which shows Abelian representation of the braid group. In fact, the exchange statistics of the Majorana vortices showing the same property (T k ) 4 = 1 turned out to be non-Abelian [6, 8, 10] , and we will discuss below if the same is true for the Dirac vortices.
The transformation (2.2) can be represented by the following unitary operator Having the explicit form of the exchange operator (2.5), we are able to check the representation of the braid group for the exchange of the Dirac vortices. First of all, as we mentioned above, four successive exchanges of the k-th and (k + 1)-th vortices indeed yield the identity: 8) while two successive exchanges do not,
Next, it should be noted thatτ
Therefore, one observes at the operator level that the exchange operation of two Dirac vortices is in general nonAbelian. However, this observation does not necessarily mean that the exchange is always non-Abelian. In order to confirm whether the exchange operation is indeed non-Abelian, we have to check if the commutator τ Let us consider the matrix representation of the operatorτ s k . As a basis of the Hilbert space, we choose the Fock states defined by the Dirac fermion operatorsψ k 's. One of the merits of the Dirac vortices is that we can construct the Hilbert space naturally by using locally-defined Dirac fermions, which is in clear contrast with the Majorana case. We first define the Fock vacuum state |0 byψ ℓ |0 = 0 for all ℓ.
(2.11)
Then, by acting successively the creation operatorsψ † ℓ 's on the vacuum, we obtain the f -particle state (0 ≤ f ≤ n)
in which the ℓ i -th (i = 1, · · · , f ) vortex is occupied by a Dirac fermion, while the other vortices are empty. When we have only one vortex, n = 1 (k-th vortex), there are two Fock states, |0 and |1 ≡ψ † k |0 . When we have two vortices, n = 2 (k-th and (k + 1)-th vortices), there are 2 2 = 4 Fock states, |00 ≡ |0 , |10 ≡ψ † k |0 , |01 ≡ψ † k+1 |0 and |11 ≡ψ † kψ † k+1 |0 . We can similarly obtain the Fock states for any number of vortices n. The basis of the whole Hilbert space for the n-vortex system is given by a tensor product of the 4 Fock states constructed at each vortex. Because the fermion number operatorf s ≡ n i=1ψ † iψi commutes withτ s ℓ for ℓ = 1, · · · , n − 1, the fermion number f (an eigenvalue off s ) is a conserved quantity under the exchange of vortices. Thus, the whole Hilbert space H (n) for n vortices (with the dimension 2 n ) can be decomposed into subspaces H (n,f ) labelled further by the total fermion number f :
. Then, in each subspace, the operatorsτ s ℓ 's are represented by matrices, whose explicit expressions are shown up to n = 4 in Appendix A. One can confirm that the matrix representations of the exchange operatorŝ τ ℓ 's are indeed non-Abelian for n ≥ 3.
III. NON-ABELIAN REPRESENTATION OF BRAID GROUP FOR EXCHANGE OF U(2) DIRAC VORTICES
Now let us turn to the case with vortices which trap two massless Dirac fermions having the "pseudo-spin" U(2) symmetry. In particular, we consider Dirac fermions in the doublet of U(2), which are denoted byψ a k (a = 1, 2) for the k-th vortex. We also use the vector notation for the doublet (ψ
t . The exchange of the k-th and (k + 1)-th vortices induces transformation of the Dirac fermions. Here we consider the simplest transformation similarly as the single Dirac fermion shown in Eq. (2.2):
for each a = 1, 2, with the restψ a ℓ (ℓ = k and k + 1) unchanged. This transformation is expressed by the unitary operatorτ
which is invariant under the U(2) transformation, (ψ
t with ϕ and θ being parameters and σ the Pauli matrices. We confirm thatτ kψ a ℓτ −1 k (a = 1, 2) reproduces the transformation (3.1), and thatτ k 's satisfy the braid relations, (i')τ kτℓτk =τ ℓτkτℓ for |k − ℓ| = 1 and (ii')τ kτℓ =τ ℓτk for |k − ℓ| > 1. Similarly as in the U(1) case (see Eqs. (2.8) and (2.9)), the exchange operatorτ k satisfies
while two successive exchanges do not go back to the identity at the operator level:
We can also check thatτ k andτ k+1 are non-commutative, which suggests that the representation of the braid group for the exchange of U(2) Dirac vortices is non-Abelian. We define the number operator of the Dirac fermionŝ 5) whose eigenvalues f give the total number of zero-energy Dirac fermions in the vortex system (0 ≤ f ≤ 2n). We note that a=1,2 ψ a † k ψ a k is U(2) invariant, hencef is also U(2) invariant. We also note thatf commutes withτ ℓ for ℓ = 1, · · · , n − 1, hence f is a conserved quantity under the exchange of two Dirac vortices.
We can construct the Hilbert space by successively applyingψ Below, we explicitly construct the Hilbert spaces when the numbers of vortices are n = 1, 2, 3, and see the non-Abelian properties of the exchange operation in the matrix representations for n = 2 and 3. The results for n = 4 vortices are quite involved and are shown in Appendix B.
A. The case of n = 1
When we have only one vortex, we are not able to discuss the exchange of vortices. However, let us consider this case to demonstrate how to construct the Hilbert space for the U(2) Dirac vortex. We have two massless Dirac fermion operatorsψ 1 k andψ 2 k (to avoid notational confusion, we use the label k to specify this single vortex). By applying the creation operatorsψ
k to the Fock vacuum |0 , we obtain 2 × 2 = 4 energetically degenerate states (2 for empty/occupied, and another 2 for a = 1, 2). Let us introduce the notation |R f where R is the representation of U(2) group and f is the total number of the Dirac fermions. Namely,
The bold numbers 1, 2 imply the singlet and doublet representations of the U(2) group. Notice that the fully occupied stateψ
k |0 is invariant under the U(2) transformation, thus it belongs to the singlet representation. Hence, there are two singlet states |1 0 (empty) and |1 2 (fully-occupied by two fermions), and one doublet state |2 1 (occupied by one fermion). We use these states as the basis to span the whole Hilbert space of the zero-energy states. Therefore, we have decomposed the representations of the U(2) pseudo-spin as 8) and correspondingly the whole Hilbert space of a single vortex H {n=1} into a direct sum
where
B. The case of n = 2
Consider the case when we have two Dirac vortices which are respectively labelled by k and k + 1. First of all, we can use the decomposition for a single Dirac vortex, Eq. (3.8), to decompose the whole Hilbert space of two Dirac vortices into representations. Since each vortex contains the representations (1 0 + 2 1 + 1 2 ) vortex ℓ (ℓ = k, k + 1), the total representation is obtained as a tensor product of them, which can be decomposed as 10) where the bold numbers denote representations, and the subscript n k n k+1 (n k , n k+1 = 0, 1, 2) denotes the number of the Dirac fermions, n k and n k+1 , at the k-th and (k + 1)-th vortices, respectively. Next, one obtains the basis of the whole Hilbert space by applyingψ a † ℓ (ℓ = k, k + 1 and a = 1, 2) successively to the Fock vacuum |0 defined byψ a ℓ |0 = 0 for all ℓ and a = 1, 2. Then, one reorganizes the Fock states according to the decomposition into representations.
Below, we explicitly show the basis of the Hilbert space according to the decomposition in Eq. (3.10). We introduce the notations |R n k n k+1 for the basis states and H R [N 1 N 2 ] for the subspaces of the Hilbert space. Here R denotes the representation of pseudo-spin, and the subscript n k n k+1 (n k , n k+1 = 0, 1, 2) denotes the number of the Dirac fermions at the k-th and (k + 1)-th vortices, respectively. In the subspaces, we do not distinguish n k and n k+1 for the reasons mentioned later, and thus N 1 and N 2 are defined as N 1 = max{n k , n k+1 } and N 2 = min{n k , n k+1 }. For example, (N 1 , N 2 ) = (1, 0) contains two cases (n k , n k+1 ) = (1, 0), (0, 1). Then, the whole Hilbert space of two Dirac vortices is decomposed into seven subspaces:
⊕ H 3 [11] . (3.11) This should be compared with the decomposition (3.10). 
12)
13)
14) 
17)
|0 ,
Here, in the last two expressions, we have factored out the singlet part so that the vector structure becomes manifest. Lastly, the third line in Eq. (3.11) corresponds to the triplet subspace. It is defined by the basis states as H 3 [11] ≡ {|3 11 } with
Now we have prepared to discuss the exchange of vortices. We recall that the exchange ofψ (ℓ = k, k + 1 and a = 1, 2). With the explicit forms of the basis states in Hilbert subspaces, we are able to express the operatorτ k as matrices. In the singlet subspaces H 1 [00] , H 1 [11] , H 1 [20] and H 1 [22] , the corresponding matrices are
In the doublet subspaces H 2 [10] and H 2 [21] , the corresponding matrices are
Lastly, in the triplet subspace H 3 [11] , the matrix is
Since H 1 [00] , H 1 [11] , H 1 [22] in the singlet subspace and H 3 [11] in the triplet subspace consist of only one basis state, we have one-dimensional representations. In contrast, the other subspaces H 1 [20] , H 2 [10] , and H 2 [21] have two basis states, thus yielding two-dimensional representations. Notice that the exchange matrices in these subspaces have off-diagonal elements. However, this does not mean that the representation of the braid group is non-Abelian. Rather, this simply implies that two basis states are mixed with each other by the exchange operation (this is the reason why we did not specify the order of n k and n k+1 in defining the subspaces). In fact, one can choose appropriate basis states so that the exchange matrices are expressed as diagonal. For example, τ C. The case of n = 3: emergence of non-Abelian representation Let us finally consider the case of three Dirac vortices which are respectively labelled by k, k + 1 and k + 2. Basically we will follow the same procedures presented in the case of two Dirac vortices, but as easily expected, the analysis becomes quite involved. Still, we present here all the information since this is the simplest case where the non-Abelian representation of the braid group appears. In fact, when we have only two vortices (k-th and (k + 1)-th vortices), there is only one exchange operatorτ k , thus we are not able to discuss the non-commutativity of two exchange operations. It makes sense only when we have three or more vortices. When we have three vortices (k-th, (k + 1)-th and (k + 2)-th vortices), we can define two exchange operatorsτ k andτ k+1 , and thus we can check if these two are commutative or not.
First of all, by using Eq. (3.8) for a single Dirac vortex, we can decompose the pseudo-spin structure made of three Dirac vortices into representations of U(2). We again introduce the notation R n k n k+1 n k+2 similar to the n = 2 case. Here the subscript n k n k+1 n k+2 (n k , n k+1 , n k+2 = 0, 1, 2) denotes the number of Dirac fermions at the k-th, (k + 1)-th and (k + 2)-th vortices, respectively. Then, one finds Here we have also introduced new notations 2 A 111 , 2 S 111 and 4 S 111 , meaning that the first two subscripts with underlines are made Asymmetric (Symmetric) with respect to the indices. We will note again when we present the explicit forms of the basis states. Each term corresponds to the basis state in the Hilbert subspace. Notice that we have already grouped the representations so as not to distinguish the ordering of n k , n k+1 and n k+2 . Thus, one can easily see that the whole Hilbert space H {n=3} of three U(2) Dirac vortices can be decomposed into a direct sum
Next, one can obtain the basis states of the Hilbert space by applyingψ a † ℓ (ℓ = k, k +1, k +2 and a = 1, 2) successively to the vacuum |0 defined byψ a ℓ |0 = 0 for all ℓ and a = 1, 2. The first line in the decomposition (3.21) corresponds to the singlet subspaces. They are defined by the basis states as
Notice that all these states have even numbers of Dirac fermions. Explicit forms of the basis states are given as follows:
It is interesting to notice that the structures in H 1 [110] and H 1 [211] , or in H 1 [200] and H 1 [220] are similar. This is the symmetry between "occupied" and "empty" states (or "particles" and "holes"), reflecting the ambiguity in defining the creation operator (i.e., we could defineψ a k as a creation operator, instead of the annihilation operator 
Now the meaning of the notations A and S is evident. For example, in |2 A 111 the first (k-th) and second ((k + 1)-th) vortices form anti-symmetric combination with respect to the indices. The third line of the decomposition (3.21) corresponds to the triplet subspaces. 
The last line of the decomposition (3.21) corresponds to the quartet subspace. It is defined by the basis states as
Now we can finally discuss the exchange of U(2) Dirac vortices in the Hilbert space constructed for three Dirac vortices. As in the case of n = 2, we express the operatorsτ k andτ k+1 as matrices with the basis states presented above.
In the singlet subspaces
and H 1 [222] , the exchange matrices are
In the doublet subspaces,
, the exchange matrices are 
In the triplet subspaces, H 3 [110] and H 3 [211] , the exchange matrices are
Lastly, in the quartet subspace H 4 [111] , the exchange matrices are
We now find that, except for the one-dimensional representations (in H We can continue the construction of the Hilbert space when the number of vortices is more than three. The dimension of the total Hilbert space of n-vortex system is (2 2 ) n . We present the results for n = 4 vortices in Appendix B, which also show non-Abelian representation of the braid group.
IV. U(1) DIRAC STRUCTURE EMBEDDED IN U(2) DIRAC VORTICES
Recall that we already found in the previous paper [11] that the system of U(1) Dirac vortices shows non-Abelian representation of the braid group. Then, it is natural to ask how the previous results are related to the present results. In this section, we discuss that we can indeed identify the same structure as the U(1) vortices by a simple reduction of the U(2) system. So far, we have not specified any detail of the interaction, but suppose that one can turn on an interaction which breaks the global U(2) symmetry so that only the U(1) symmetry is preserved. Then, in the presence of such an interaction, only one Dirac fermion would remain massless. We can realize such a case by simply ignoring the lower componentψ 2 ℓ (ℓ = 1, · · · , n) of the U(2) Dirac fermions. Under this simple procedure, the Hilbert space H {n} of the U(2) Dirac vortices reduces to the Hilbert space H (n) of the U(1) Dirac vortices discussed in the previous paper [11] (and also in Sec. II and Appendix A). Let us discuss the cases of n = 2 and 3, separately.
Consider first the case of n = 2 (see Sec. III B). One finds that only the following states survive after the reduction:
This means that the whole Hilbert space H {2} shrinks into its subspaces H 1 [00] , H 2 [10] and H 3 [11] . Notice that these four states are equivalent to the basis states for H (2, 0) , H (2, 1) and H (2, 2) in the U(1) Dirac vortices. Thus, it is not surprising that the exchange matrices in the reduced U(2) Dirac vortices are equivalent to those of the U(1) vortices:
Similarly, in the case of n = 3, one finds that only the subspaces
and H 4 [111] survive after the reduction of the lower component. These Hilbert subspaces correspond, respectively, to H (3, 0) , H (3, 1) , H (3, 2) and H (3, 3) in the U(1) Dirac vortices. The matrices of these two cases are equivalent to each other:
with ℓ = k, k + 1. By repeating the same arguments for general n, one can easily find that there will be a correspondence between the Hilbert subspaces H M [1···10···0] and H (n,f ) . The matrices in these two subspaces will be equivalent;
] contains f Dirac fermions, and the dimension of
is equal to f + 1. Thus, the Hilbert space H {n} of the U(2) Dirac vortices covers H (n) of the U(1) Dirac vortices. This is confirmed also for n = 4 vortices in Appendix B.
V. GENUINE NON-ABELIAN STATISTICS

A. Sectors of exchanges of the identical vortices
We have constructed the braid group made of exchanges of U(2) Dirac vortices. One may be able to regard it as a kind of exchange statistics since all the Dirac vortices to be exchanged are energetically the same. However, this is true only if we are allowed to neglect the difference between the occupation and absence of Dirac fermions in each vortex. Genuine non-Abelian statistics in a strict sense should appear in exchanges of identical particles, which implies that we should distinguish the number of Dirac fermions in each vortex. In the case of vortices with U(1) Dirac fermions, the whole braid group representation is non-Abelian, but does not have genuine non-Abelian statistics when restricted to a subspace of exchanges of identical states (i.e., between two occupied states or two un-occupied states). What is truly remarkable in the U(2) case is that the braid group which we have found indeed contains genuine non-Abelian statistics as its subgroup where we consider only the exchanges between the identical vortices, the vortices with the same numbers of Dirac fermions. Below, we explicitly show them in subspaces with n = 3 and 4 vortices.
The doublet Hilbert subspace H
2 [111] for three U(2) Dirac vortices (n = 3; k-th, (k + 1)-th and (k + 2)-th vortices) with single Dirac fermion occupations. The minimum genuine non-Abelian statistics appears in the doublet Hilbert subspace H 2 [111] in n = 3 vortices. The two-dimensional Hilbert subspace H 2 [111] is spanned by the basis |2 A 111 and |2 S 111 defined in Eq. (3.31). The Dirac fermion numbers in each U(2) Dirac vortex are one so that they are all identical vortices. Two exchange matrices, i.e., τ
for the exchange of the k-th and (k + 1)-th vortices, and τ 2 [111] k+1 for the exchange of the (k + 1)-th and (k + 2)-th vortices, can be found in the last line in Eq. (3.35):
They are non-commutative: τ
, showing genuine non-Abelian statistics.
2. The non-Abelian transformation equivalent to Eq. (5.10) are embedded in a sector of four vortices. For instance, let us consider four vortices three of which contain one Dirac fermion at each vortex but the rest of which contains no Dirac fermion, then the exchange of the identical vortices with the one Dirac fermion occupation leads to the same result as in Eq. . (B.8) . The non-Abelian exchange matrices can be found in Eq. (B.31) as
11)
The exchange of the Dirac vortices are non-Abelian; τ 
The exchange of these Dirac vortices are non-Abelian; τ
From the above examples, we find that the U(2) Dirac vortices with one Dirac fermion occupation give non-Abelian quantum statistics of identical particles.
B. Entanglement in the Hilbert space
If one reminds of the case of Majorana vortices showing the genuine non-Abelian statistics, one may critically wonder why we have found the genuine non-Abelian statistics even though Dirac fermions are defined locally at each vortex. As is well known, for vortices with Majorana fermions, Dirac fermions have to be defined non-locally by using two Majorana fermions localized at spatially separated vortices, and, thus far, it has been commonly thought that emergence of non-Abelian statistics is attributed to such a non-locality of Dirac fermions. In contrast, in our case, Dirac fermions are introduced from the beginning, and are of course defined locally at each vortex. Then, it is natural to ask why we get non-Abelian statistics from local Dirac fermions, or to raise question if the non-locality is really essential for the emergence of non-Abelian statistics.
Our answer is that the non-locality is indeed essential but it does not come from the definition of Dirac fermions but rather from the definition of the basis of the Hilbert space. Namely, the use of entangled states, which was absent in the previous U(1) Dirac case, is essential in the U(2) case. For instance, in the first example of the previous subsection, the basis |2 A 111 and |2 S 111 in Eq. (3.31) are entangled because of (anti-)symmetric combination of indices. Such entangled states are necessary because the basis of the Hilbert space have to belong to the irreducible representations of U(2) symmetry. Therefore, genuine non-Abelian statistics does not appear in U(1) Dirac vortices but it first appears in U(2) Dirac vortices because of non-Abelian U(2) symmetry group acting on the doublet Dirac fermions on the vortices.
From these considerations, we conclude that some kind of non-locality is necessary to obtain the genuine nonAbelian statistics: It is the non-local definition of the Dirac fermions in the case of Majorana vortices, while it is the entanglement in the Hilbert space in the case of Dirac vortices.
VI. SUMMARY
We have considered the simplest system of non-Abelian Dirac vortices, namely the system of vortices in which U(2) doublet zero-energy Dirac fermions are trapped. We have constructed the non-Abelian representation of the braid group for the exchange of vortices with U(2) Dirac fermions. This was confirmed both at the operator level and in matrix representations of the exchange operations. In particular, the whole Hilbert spaces for n = 2, 3, 4 vortices are decomposed into subspaces according to representations of U(2), and the matrix forms of the exchange operations were obtained in these subspaces. We have found they have off-diagonal elements in some subspaces. This analysis is an extension of the previous one for the U(1) (one component) Dirac vortices [11] . By using a simple reduction of the U(2) results, we have indeed identified the same matrices as in the U(1) Dirac vortices. This way of identifying the U(1) structure is rather different from the one in the non-Abelian Majorana vortices where one can extract the U(1) part as a tensor product. It is not trivial at this point if a similar identification is possible in the Dirac vortices. Finally, we have found that the whole braid group contains a subgroup of genuine non-Abelian statistics for the exchange of the vortices with one Dirac fermion. The reason why non-Abelian statistics appears only from locally defined Dirac fermions is that the basis of the Hilbert space are entangled because of the representation of U(2) acting on the Dirac fermions. In this sense, the 'spatial' non-locality of Dirac fermions is not needed to have non-Abelian statistics but rather the non-locality, namely entanglement, in representations is needed.
Majorana vortices
Dirac vorticeŝ In Table I , we have summarized the results of Majorana/Dirac vortices with Abelian/non-Abelian symmetry. All of them exhibit non-Abelian representations of the braid group. The right most column corresponds to the present result. The exchange of Majorana fermions automatically gives non-Abelian statistics, while the exchange of Dirac fermions contains non-Abelian statistics when one exchanges identical particles, that is possible at least for U (2) .
So far, we know only high-energy-physics examples of vortices with multiple Dirac fermions , i.e., non-Abelian vortices in dense QCD and supersymmetric QCD. As future studies, examples in condensed matter physics and experimental observation of the non-Abelian statistics in laboratory will be important. Applications to quantum computing should also be explored. In this Appendix, we present the matrix representations of the exchange operators τ ℓ 's (ℓ = 1, · · · , n − 1) for the U(1) Dirac vortices which was first obtained in Ref. [11] (below we omit the superscript "s" for notational simplicity). The Hilbert space of n vortices, H (n) , is decomposed into subspaces H (n,f ) which are specified by the total fermion number f .
In the case of n = 2 (k-th and (k + 1)-th vortices), we have only one exchange operation T k . The Hilbert space H (2) is decomposed into a direct sum of three subspaces:
. Then, we obtain the matrix representations ofτ k as
In the case of n = 3 (k-th, (k+1)-th and (k+2)-th vortices), we have two operations T k and T k+1 . The Hilbert space 3) . We thus have the matrix representations ofτ k andτ k+1 as
In the case of n = 4 (k-th, (k + 1)-th, (k + 2)-th and (k + 3)-th vortices), we have three operations T k , T k+1 and T k+2 . The Hilbert space H (4) is decomposed into a direct sum of five sectors: We consider the system of n = 4 vortices, which is an ensemble of k-th, (k + 1)-th, (k + 2)-th, and (k + 3)-th vortices.
The Hilbert space is constructed straightforwardly from the n = 2 and n = 3 cases. The representations of the U(2) symmetry are decomposed as where the subscript n k n k+1 n k+2 n k+3 (n k , n k+1 , n k+2 , n k+3 = 0, 1, 2) denotes the number of the Dirac fermions, n k , n k+1 n k+2 and n k+3 , at the k-th, (k + 1)-th, (k + 2)-th and (k + 3)-th vortices, respectively. One obtains the basis states of the Hilbert space by applyingψ a † ℓ (ℓ = k, k + 1, k + 2, k + 3 and a = 1, 2) successively to the Fock vacuum |0 defined byψ a ℓ |0 = 0 for all ℓ and a = 1, 2. For singlet, there are nine Hilbert spaces, H 
3) 
with a notation A (S) for an antisymmetric (symmetric) combination in first and second pair of indices with the underline in the k-th and (k + 1)-th vortices and in the (k + 2)-th and (k + 3)-th vortices. 
with a notation A (S) for an antisymmetric (symmetric) combination in a pair of indices with the underline in the k-th and (k + 1)-th vortices, or in the (k + 2)-th and (k + 3)-th vortices. 
with a notation A (S) for an antisymmetric (symmetric) combination in first or second pair of indices with the underline in the k-th and (k + 1)-th vortices, and in the (k + 2)-th and (k + 3)-th vortices. 
(B.23) with a notation S for a symmetric combination in first and second pair of indices with the underline in the k-th and (k + 1)-th vortices, and in the (k + 2)-th and (k + 3)-th vortices. Therefore, the Hilbert space is totally given as a direct sum,
With these basis states in the Hilbert spaces, the operatorsτ k ,τ k+1 andτ k+2 are expressed as matrices. For singlet, the matrices are (ℓ = k, k + 1, k + 2, k + 3) are set to zero, the with ℓ = k, k + 1, k + 2.
Appendix C: Subspaces with (τ k ) 2 = 1 in U(2) Dirac vortices
We recall that, for both cases with U(1) and U(2) Dirac fermions, four-time exchange of vortices is equivalent to the identity; (T k ) 4 = 1. The same relation holds at the operator level: (τ s k ) 4 = 1 for U(1) Dirac vortices and (τ k ) 4 = 1 for U(2) Dirac vortices. However, a matrix τ k representingτ s k orτ k happens to satisfy a stronger relation, (τ k ) 2 = 1, in some Hilbert subspaces. There, two-time exchange of vortices is equivalent to identity. In this Appendix, we explain how such a relation can be satisfied, and check if the representation of the braid group is still non-Abelian.
First, we consider the case of U(1) Dirac fermions. From Eq. (2.9), we find that (τ Therefore, we conclude that the relation (τ k ) 2 = 1 is satisfied when N k + N k+1 is an even number. This conclusion is consistent with the expectation from the transformation properties of the Dirac fermions under the operation (T k )
2 . Under the two successive exchanges of k-th an (k + 1)-th vortices, the Dirac fermion operatorsψ are multiplied by −1. If a state is composed of an even number of k-th and (k + 1)-th fermions, the minus signs cancel and the state is unchanged under (T k ) 2 . Therefore, in order for that the condition (τ ℓ ) 2 = 1 holds for any ℓ = 1, · · · , n − 1, a sum of the Dirac fermion number in the every neighboring vortices, N ℓ + N ℓ+1 , has to be an even number. We note that (N 1 , · · · , N n ) = (0, · · · , 0) and (2, · · · , 2) corresponding to the empty state and fully-occupied state, respectively, give just trivial representation of the braid group τ ℓ = 1, like the case of U(1) Dirac fermions as discussed above. It is also the case for the state with the highest dimension in pseudo-spin representation. However, the other combinations of (N 1 , · · · , N n ) induce non-Abelian matrices, namely non-Abelian representation of the braid group.
Let us see examples in U(2) Dirac fermions with n = 3 and 4. a) For n = 3, the Hilbert subspaces, in which N ℓ + N ℓ+1 is an even number for any ℓ = 1, 2, are and H 4 [111] .
(C.5)
The matrices in each Hilbert subspace are τ
